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1Institut für Theoretische Physik, Lehrstuhl IV: Weltraum- und Astrophysik,
Ruhr-Universität Bochum, D-44780 Bochum, Germany

2Institut für Theoretische Physik und Astrophysik, Christian-Albrechts-Universität zu Kiel, Leibnizstr. 15, D-24118 Kiel, Germany
3Magnetism and Interface Physics & Computational Polymer Physics,

Department of Materials, ETH Zurich, Leopold-Ruzicka-Weg 4, Zurich CH-8093, Switzerland
(Dated: May 12, 2025)

The observed Maxwellian velocity distribution functions in plasmas and the fact that the rate of elastic
electron-electron is many orders of magnitude smaller than the electron plasma frequency has been a long-
standing puzzle. Here, we present a mechanism for the efficient thermalization in collision-poor unmagnetized
plasmas that resolves this puzzle. The competition between the momentum losses of plasma particles by spon-
taneously emitting high-frequency non-collective fluctuations and the momentum diffusion of these particles
in their self-generated fluctuating electric field fluctuations provides the Maxwellian particle distribution func-
tion. The mechanism is self-regulating, providing electron temperatures of about 107 K, and is applicable to
fully-ionized plasmas with electron densities below 1027 cm−3.

In many space plasmas including solar-type stars the
plasma parameter g = 3νee/ωp,e, defined by the electron-
electron elastic collision rate νee and the electron plasma fre-
quency ωp,e is many orders of magnitude smaller than unity
for reported electron temperatures Te and number densities ne

(Fig. 1 in [1]). These systems are classified as collision-poor
or kinetic Vlasov plasmas in which the interactions with elec-
tromagnetic fields characterized by ωp,e ≃ 5.64 × 104n

1/2
e

strongly dominate the collision rate νee ≃ 13.72neT
−3/2
e [2].

Elastic Coulomb as well as Møller and Bhabha scattering
therefore cannot maintain thermal Maxwell particle distri-
bution functions in these plasmas in contrast to collision-
dominated plasmas [3, 4]. Efficient Maxwellization of these
plasmas allow the often used theoretical description of these
systems with magnetohydrodynamical (MHD) equations de-
rived from taking velocity moments of the underlying particle
kinetic equations. Here the temperature enters via the ideal or
adiabatic equations of state.

Observationally, however, there is clear evidence for the
presence of thermal particle distribution functions in cosmic
collision-poor plasmas. This is strongly supported by in-
situ plasma measurements of the solar wind. The solar wind
plasma is the only cosmic plasma where detailed in-situ satel-
lite observations of plasma properties are available [5–7]. The
plasma parameters of the solar wind are similar to the fully
ionized phases of the interstellar gas, so that the same plasma
physical processes leading to thermalization should also op-
erate in these systems. Although the detailed plasma relax-
ation processes are not understood [8], the measured electron
and proton distribution functions have been modeled with bi-
Maxwellian velocity distributions with different temperatures
along and perpendicular to the ordered magnetic field direc-
tion B0, which are special cases of velocity-anisotropic par-
ticle distribution functions. The WIND/-SWE satellite [6, 7]
has measured finite magnetic field fluctuations only within the
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colored rhomb-shaped configuration in the parameter plane
defined by the temperature anisotropy A = T⊥/T∥ and the
parallel plasma beta β∥ = 8πnekBT∥/B
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fluctuations only occur close to the isotropy and equipartition
values A = 1 and β∥ = 1, respectively. The solar corona,
the partially ionized and fully ionized phases of the interstel-
lar medium in our and other galaxies, as well as active galactic
nuclei, the intergalactic medium, the intracluster gas and cos-
mic voids also are collision-poor plasmas.

It is the purpose of this work to propose an efficient ki-
netic Maxwellization process in collision-poor unmagnetized
plasmas relying on the interaction with the noncollective fluc-
tuations having no dispersion relation. The collective modes,
where the complex frequency ω(k) = ωR(k) + ıΓ(k) is re-
lated to the real-valued wave vector k, in unmagnetized plas-
mas with isotropic particle distribution have been well studied
before including their backreaction on the charged plasma par-
ticles. Besides the undamped (Γ = 0) superluminal electro-
magnetic waves that cannot resonantly interact with the par-
ticles, three damped (with negative Γ < 0) modes exist: the
longitudinal electrostatic waves [9], in electron-ion-plasmas
the longitudinal ion sound waves, and transverse aperiodic
(with ωR = 0) fluctuations [10, 11], which oscillate in space
but do not propagate. In particular no growing eigenmodes
are possible in these plasmas [10, 12–16].

Alternatively, the noncollective fluctuations have unre-
stricted complex frequencies, and in the following we in-
vestigate their generation and back reaction on the parti-
cles. It is demonstrated that the quasilinear interactions of
charged plasma particles with the spontaneously emitted non-
collective fluctuations provide an alternative mechanism to
produce thermal particle distribution functions in collision-
poor space plasmas. Every plasma spontaneously emits elec-
tromagnetic fluctuations due to the random motions of its
charged particles causing subsequent particle-fluctuation in-
teractions. These are described by quasilinear transport the-
ory if the ratio of particle number density fluctuations is small
compared to the averaged particle density. We follow the
derivation of the general quasilinear Fokker-Planck kinetic
equation for the gyrophase-averaged plasma particle distri-
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bution functions in magnetized plasmas ([17] – hereafter re-
ferred to as paper I) making no restrictions on the energy of
the particles and on the frequency of the electromagnetic fluc-
tuations. The derivation is based on Maxwell equations for
the electromagnetic fields and on the Klimontovich equation
[18] for the charged particles accounting for discrete particle
effects and spontaneous emission of fluctuations. The mono-
graph [19] provides an excellent introduction into the com-
bined kinetic theory although this approach adopts nonrela-
tivistic particle energies throughout.

Our investigation here will be fully relativistic. As shown
in paper I the inclusion of discrete particle effects breaks
the dichotomy of nonlinear kinetic plasma theory divided
into the test particle and the test fluctuation approximation
because it provides expression of electromagnetic fluctua-
tion spectra in terms of the plasma particle distribution func-
tions. The resulting quasilinear transport equation can be re-
garded as a determining nonlinear equation for the time evo-
lution of the particle distribution function. The general case
of magnetized plasmas has been investigated before in pa-
per I, but has lead to very involved final expressions. In
its most general form this nonlinear equation is rather in-
volved and complicated. Therefore it is appropriate to study
simpler plasma configurations such as unmagnetized plas-
mas which is the purpose of the present manuscript. Ac-
cording to Eqs. (78)–(81) of paper I, the general gyrophase-
averaged quasilinear transport equation for the spatially uni-
form phase space distribution function nafa(p, t) of sort a
with charge qa and mass ma in spherical momentum coordi-
nates p = p(

√
1− µ2 cosϕ,

√
1− µ2 sinϕ, µ) reads

∂fa
∂t

+
1

2π

∫ 2π

0

dϕQa(r,p, t) = D1(fa) +D2(fa), (1)

with the gyrophase-averaged drag and momentum diffusion
terms(

D1(fa)
D2(fa)

)
= − 1

2πna

∫
d3k

∫
dω ×∫ 2π

0

dϕ
∂

∂p
·
(
ℜ ⟨K∗

k,ω(p)δN
a0
k,ω(p)⟩

ℜ ⟨K∗
k,ω(p)Ak,ω(p)⟩

)
, (2)

respectively, involving the Fourier-Laplace transformed
stochastic force Kk,ω(p) and free-particle Klimontovich par-
ticle density δNa0

k,ω(p) of sort a, while Qa accounts for
sources and sinks of particles.

Here we are primarily interested in the isotropic equilib-
rium distribution functions fa(p) determined by the balance
of momentum loss of plasma particles by spontaneous emis-
sion (described by the drag term) and the momentum diffu-
sion of plasma particles caused by the electromagnetic fluc-
tuations, respectively. Moreover, in stationary plasmas one is
interested in temporal averages, where the averaging time T
must be greater than the correlation time of fluctuations for
this average to be independent of T [20, 21]. This leads to
D1(fa) +D2(fa) = 0 with

D1,2(fa) = lim
T →∞

1

T

∫ T /2

−T /2

dt

2

∫ 1

−1

dµD1,2(fa). (3)

For isotropic and gyrotropic distribution functions
dfa(p)/dp = f ′

a(p)p/p. In the case of unmagne-
tized plasma considered here, we orient the wave vector
along the cartesian z-direction k = kez . Likewise,
one obtains Ak,ω(p) = G(p, µ)[p · Kk,ω(p)] with
G(p, µ) = −ınaf

′
a(p)/[(ω − kvµ)p]. Also the Maxwell

operator only has diagonal elements with Λzz = Λ∥ and
Λxx = Λyy = Λ⊥ with the longitudinal and transverse
dispersion functions(

Λ∥(k, ω)− 1

Λ⊥(k, ω)− 1 + k2c2

ω2

)
=

π

ω

∑
a

ω2
p,a

∫ ∞

0

dp
p3f ′

a(p)

γ
×∫ 1

−1

dµ

ω − kvµ

(
2µ2

1− µ2

)
, (4)

with the plasma frequency ωp,a =
√
4πq2ana/ma, γ =

(1 − β2)−1/2, and β ≡ v/c. For the stochastic force one no-
tices with E(k, ω) = (Ex, Ey, Ez) and E⊥ = Ex cosϕ +
Ey sinϕ that K∗

⊥ = qa(ω
∗ − kvµ)E∗

⊥/ω
∗ and K∗

z =

qa[E
∗
z + (kv/ω∗)

√
1− µ2E∗

⊥], The Fourier-Laplace trans-
formed electric field components are given by the solution of
the wave equation (65) of paper I, in this case

E∗
∥,⊥ =

4πı

ω∗

∑
b

qb

∫
d3p′ δN b0∗

k,ω(p
′)
v′∥,⊥

Λ∗
∥,⊥

. (5)

By applying Eq. (5) twice one obtains for the Fourier-Laplace
transformed electric field correlation functions (Einstein sum-
mation convention adopted)

Sij(k, ω) = ℜ
〈
EiE

∗
j

〉
(k, ω)

=
16π2Λ−1

imΛ−1∗
jn

|ω|2
∑
b,c

qbqc

∫
d3p

∫
d3p′vmv′n C(p,p′)

= ℜ
ı
∑

b q
2
bnb

π2|ω|2
Λ−1
imΛ−1∗

jn

∫
d3p

vmvjfb(p)

ω − kvµ

= ℜ
ı
∑

b ω
2
p,bmbΛ

−1
imΛ−1∗

jn

π2|ω|2
×[∫ ∞

0

dp p2fb(p)

∫ 1

−1

dµ

ω − kvµ

∫ 2π

0

dϕ vmvj

]
, (6)

where we used [19, 22]

C(p,p′) ≡
〈
δN b0

k,ω(p)δN
c0∗
k,ω(p

′)
〉
=

ınbδbcfb(p)δ(v
′ − v)

(2π)4(ω − kvµ)
(7)

for the Fourier-Laplace transformed two-time correlation
function of free-streaming uncorrelated particles in unmag-
netized plasmas. With

∫ 2π

0
dϕvm(ϕ)vn(ϕ) = πv2[(1 −

µ2)(δm1δn1+ δm2δn2)+2µ2δm3δn3] the only non-vanishing
electric field correlation functions are S∥ = Szz and S⊥ =
Sxx = Syy given according to Eq. (6) by

S∥,⊥ = ℜ ı
∑
b

ω2
p,bmbc

2

π(kc)3|zΛ∥,⊥|2

∫ ∞

0

dp p2βfb(p)I∥,⊥
(
z

β

)
,

(8)
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upon introducing the complex phase speed z = ω/kc, i.e.,
z/β = ω/kv, the integrals I∥ = I2(x) and I⊥ = I0(x) −
I2(x) with In(x) =

∫ 1

−1
dµµn(x − µ)−1. Both correla-

tion functions (8) are completely determined by the isotropic
particle distribution function fb(p). The index b instead of
a indicates that in general the electric fluctuations entering
the quasilinear momentum diffusion coefficient D2 for parti-
cles of sort a can be generated both by these particles them-
selves (b = a), referred to as self-confinement, and/or by other
(b ̸= a) charged particle populations in the considered plasma.

The drag and momentum diffusion terms are evaluated in
detail in Supplementary Section A [23] as

D1(fa) =
ω2
p,ama

32π4nap2
∂

∂p

[
p2fa(p)

∫
d3k

k

∫
Z

dz ×

ℜ
(I∥(z/β)

(zΛ∥)∗
+

I⊥(z/β)
(zΛ⊥)∗

)]
, (9)

and a corresponding, more lengthy, expression (A.12) for D2,
where we made use of Eq. (8). It is important to emphasize
that the derived drag term and momentum diffusion term (via
the electric field correlation functions (8)) are based on the
identical two-time correlation (7). The drag term (9) and the
momentum diffusion term (A.12) are first important results of
the present investigation.

Next, we focus on the self-confinement case b = a and the
high-frequency limit |z| = |ω|/kc ≫ 1 so that we ignore the
influence of damped (negative Γ < 0) collective modes on the
particle dynamics and approximate the dispersion functions as
Λ⊥(k, z) ≃ 1. It is well known [10, 12, 14–16] that in unmag-
netized plasmas with isotropic particle distribution functions
no growing collective modes with positive Γ > 0 exist. In the
high-frequency limit and self-confinement case (b = a) the
drag and momentum diffusion terms (9) and (A.12) then read

D1 =
1

p2
d

dp
[βH1p

2fa(p)], D2 =
1

p2
d

dp
[H2p

2f ′
a(p)],

(10)
with

H1 =
ω2
p,ama

32π4naβ

∫
d3k

k

∫
Z

dzℜ
I0( zβ )
z∗

, (11)

H2 =
ω4
p,am

2
a

8π2nacβ

∫
d3k

k3
× (12)∫

Z

dz

|z|2
{
[ℜıI0(

z

β
)]
[∫ ∞

0

dp p2βfa(p)ℜıI0(
z

β
)
]}

,

where I0(z/β) = 2 arcoth(z/β) = artanh[2βR/(R2 + I2 +
β2)] − ı artan[2βI/(I2 + R2 − β2)], provided z = R + ıI .
Within the same limit, where β ≤ 1 < I2 +R2 = |z|2 holds,
the I0(z/β) is continuous and analytic at all points in the com-
plex z-plane and requires no analytic continuation. The fre-
quency integrals

∫
Z
dz appearing in H1 and H2 are calculated

as 2β and 2β
∫∞
0

dp p2β2fa(p), respectively (Supplementary
Sections B,C), leading to the momentum-independent

H1 =
ω2
p,ama

(2π)4na

∫
d3k

k
, H2 =

ω4
p,am

2
aUa

(2π)2nac

∫
d3k

k3
, (13)
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FIG. 1. The dimensionless α(Ω) (solid black) according to Eq.
(17). Black dashed lines are the exact asymptotics α = Ω/3 and
α = 1−5(2Ω)−1 for small and large Ω, respectively. The green line
is Ω = 3α(1−α/6)/(1−α), a superposition of the exact asymptotic
expressions.

and Ua =
∫∞
0

dp p2β2fa(p). The particle equilibrium condi-
tion (3) then reads in the high-frequency limit

1

p2
d

dp
p2
[

Ω

mac
βfa(p) + f ′

a(p)

]
= 0, (14)

with the positively valued, dimensionless ratio

Ω =
H1

H2
mac =

(k2max − k2min)c
2

(2π)2ω2
p,aUa ln(kmax/kmin)

. (15)

With the requirement limp→∞ fa(p) = 0 the Eq. (14) is
solved by the relativistic Boltzmann-Jüttner distribution func-
tion (Kν denotes a modified Bessel function)

fa(p) =
Ω

4π(mac)3K2(Ω)
exp [−Ωγ(p)] , (16)

obeying the normalization requirement
∫
d3p fa(p) = 1.

With this solution (16) one obtains Ua = ΩΥ(Ω)/4πK2(Ω)

with Υ(Ω) =
∫∞
0
dx[x4 exp(−Ω

√
1 + x2)]/(1 + x2) which

evaluates to K2(Ω)/Ω − K1(Ω) + Ki1(Ω) where Ki1(Ω) =∫∞
Ω

dtK0(t) [24]. Relation (15) then becomes

α(Ω) ≡ Ω2Υ(Ω)

3K2(Ω)
=

(k2max − k2min)c
2

3πω2
p,a ln

kmax

kmin

. (17)

Most noteworthy α(Ω) cannot get larger than unity (Fig. 1).
Consequently, solutions of Eq. (17) are only possible if its
right-hand side is also smaller than unity. The constant Ω
defines the plasma temperature by Ω = mac

2/kBTa, be-
cause for large values of Ω ≫ 1 the distribution function
(16) reduces to the nonrelativistic Maxwellian distribution
fa(v) = (ma/2πkBTa)

3/2e−mav
2/2kBTa .

The equilibrium distribution function (16) also results with-
out the self-confinement assumption, however, with a differ-
ent Ω depending on the origin of the electric field fluctua-
tions S∥,⊥. This is particularly true for heavier plasma par-
ticles, such as protons, which undergo momentum diffusion
in the electric field fluctuations generated by the lighter elec-
trons. The mechanism is self-regulating: besides generating
the Boltzmann-Jüttner equilibrium distribution function it also
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FIG. 2. Resulting Te as a function of the electron density ne.
The regimes of classical collision-poor plasmas are separated from
the regimes of quantum plasmas. The separating lines are given by
Te = 8.84 × 10−12n

2/3
e (dashed) when the de Broglie wavelength

equals the average interparticle distance, and Te = 8.11×10−3n
1/3
e

(dot-dashed) to ensure plasma parameters g < 1. Abbreviations
stand for classical (C), kinetic (K), hydodynamics (H), and quantum
(Q), respectively. The inset indicates that the three curves for dilute
plasmas do not intersect at a single point. For completeness we show
as red curve the relation for dense stellar plasmas (Supplementary
Section D, see also references [19, 25] therein) which lies outside
the validity range of classical kinetic theory.

yields with Eq. (17) a defining equation for the plasma tem-
perature provided the maximum wavenumber kmax is small
enough. The maximum wavenumber kmax has to be regarded
as the only free parameter of the presented analysis. What
complicates the issue is that kmax itself can be temperature
dependent.

Employing a standard choice of kmax = (Ωre)
−1 [19],

involving the atomic classical electron radius re, together
with the inverse Debye length kmin = λ−1

D , the resulting
temperature-density relation Te(ne) lies outside the param-
eter regime for the applicability of the classical kinetic the-
ory (Supplementary Section D). For dilute plasmas we adopt
kmax = λ−1

D = ωp,e/vth,e = ωp,eΩ
1/2
e /c being given by

the inverse Debye length (for a motivation see Supplementary
Section E, see also reference [26] therein). Here we identify

the minimum wavenumber with kmin = 2π/L, where L de-
notes the size of the considered astrophysical system. Equa-
tion (17) for electrons then reduces with α(Ω) ≃ 1 to

Ωe

3π
≃ ln

L

2πλD
≃ 47.6 + ln

(
L

kpc

)
− lnTe + lnne, (18)

where Ωe depends only logarithmically weakly on ne, Te

and size of the system scaled in kpc = 3.086 × 1021. With
Ωe = mec

2/kBTe this Eq. (18) is solved in terms of the non-
principal Lambert function as (Fig. 2)

Te ≃ − 6.29× 108

W−1(−1.337× 10−12/ne)
. (19)

This result agrees remarkably well with the observed intra-
cluster gas temperatures of Te ≈ 107−8 in the unmagnetized
outer parts of clusters of galaxies [27, 28], where cooling ef-
fects by free-free photon emission can be neglected. For dilute
plasmas almost independently of the density value the equi-
librium temperature is Te ≃ 1.3 × 107 (Fig. 2). The esti-
mate is valid for ne < 2× 1027 when the electron de Broglie
wavelength is smaller than the average interparticle distance
corresponding to thermal energies larger than the Fermi en-
ergy [1]. The characteristic relaxation time scale is given by
τ = p/β = 4π3nacγ/(ωp,ekmax)

2 = 7 × 1011γ/ne. It is
particularly short at high densities and remains momentum-
independent for nonrelativistic electrons.

In conclusion, it has been demonstrated that an efficient
thermalization mechanism in collision-poor unmagnetized
plasmas results from the competition between the momen-
tum losses of plasma particles by spontaneous emission of
high-frequency non-collective fluctuations and the momen-
tum diffusion of these particles in their self-generated fluctu-
ating electric field. The mechanism is self-regulating but the
resulting Te(ne) relation is severely influenced by the adopted
maximum wavenumber of the fluctuations. The mechanism
provides Te ≈ 107 nearly independently of the plasma num-
ber density for super-miles long fluctuation wavelengths [29],
and is applicable to plasmas with densities below 1027. Future
studies should investigate the influence of collective eigen-
modes on this mechanism avoiding the high-frequency ap-
proximation.
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A: Drag and momentum diffusion term

If R = (Rx, Ry, Rz) represents either ⟨δN0
aδK

∗⟩ and ⟨AδK∗⟩ in spherical momentum coordinates one obtains for the pitch-
angle and gyrophase average

1

4π

∫ 1

−1

dµ

∫ 2π

0

dϕ
∂

∂p
×R =

1

4π

∫ 1

−1

dµ

∫ 2π

0

dϕ

(
∂

p2∂p
p2[
√

1− µ2R⊥ + µRz]

)
, (A.1)

with R⊥ = Rx cosϕ+Ry sinϕ. In order to determine the drag term one infers with the stochastic forces and the average (7)〈
E∗

⊥δN
a0
k,ω

〉
=
〈
E∗

xδN
a0
k,ω

〉
cosϕ+

〈
E∗

yδN
a0
k,ω

〉
sinϕ

=
4πı

(ωΛ⊥)∗

∑
b

qb

∫
d3p′(v′x cosϕ+ v′y sinϕ)

〈
δNa0

k,ω(p)δN
b0∗
k,ω(p

′)
〉

= − qanavfa
4π3(ω − kvµ)ω∗

√
1− µ2

Λ∗
⊥

, (A.2)

〈
E∗

z δN
a0∗
k,ω

〉
= − qanavfa(p)

4π3ω∗(ω − kvµ)

µ

Λ∗
∥
, (A.3)

implying 〈K∗
⊥δN

a0
k,ω

〉〈
K∗

z δN
a0
k,ω

〉 = −
ω2
p,amavfa(p)

16π4ω∗(ω − kvµ)

(1− kvµ
ω∗ )

√
1−µ2

Λ∗
⊥

µ
Λ∗

∥
+ kv(1−µ2)

ω∗Λ∗
⊥

 . (A.4)

With Eq. (A.1) the drag term (3) then becomes

D̃1(fa) =
1

2

∫ 1

−1

dµD1(fa) =
ω2
p,ama

32π4nap2
∂

∂p

[
p2vfa(p)

∫
d3k

∫
dωℜ 1

ω∗

∫ 1

−1

dµ

ω − kvµ

(
µ2

Λ∗
∥
+

1− µ2

Λ∗
⊥

)]

=
ω2
p,ama

32π4nap2
∂

∂p

[
p2fa(p)

∫
d3k

k

∫
dzℜ 1

z∗

∫ 1

−1

dµ
z
β − µ

(
µ2

Λ∗
∥
+

1− µ2

Λ∗
⊥

)]
. (A.5)

As explained in Supplementary Section B the time average of Eq. (A.5) determines the ω-integral of any complex quantity
g(ω) = g(ωR + ıΓ) as ∫

dω g(ω) =

∫
Z

dω g(ω) = lim
Γ→0

Γ

π

∫ ∞

−∞
dωR g(ωR + ıΓ), (A.6)

or in terms of the phase speed z = ω/kc = R+ ıI∫
dz g(z) =

∫
Z

dz g(z) = lim
I→0

I

π

∫ ∞

−∞
dR g(R+ ıI), (A.7)
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which we denote by the index Z in the respective integration limits. Consequently, one obtains for the time-averaged drag term
(3)

D1(fa) =
ω2
p,ama

32π4nap2
∂

∂p

[
p2fa(p)

∫
d3k

k

∫
Z

dzℜ
∫ 1

−1

dµ
z
β − µ

(
µ2

(zΛ∥(k, z))∗
+

1− µ2

(zΛ⊥(k, z))∗

)]
. (A.8)

The determination of the momentum diffusion term is more involved. First, with Ak,ω(p) = G(p, µ)[p · Kk,ω(p)], where
G(p, µ) = −ına(∂fa/∂p)/(ω − kvµ)p, one obtains in spherical momentum coordinates∫ 2π

0

dϕ
∂

∂p
· ⟨K∗(p)Ak,ω(p)⟩ =

∫ 2π

0

dϕ
∂

∂p
· [⟨(p ·K)K∗⟩G(p, µ)]

=

∫ 2π

0

dϕ
1

p2
∂

∂p
p3G(p, µ)

[
⟨K⊥K

∗
⊥⟩ (1− µ2) + ⟨KzK

∗
z ⟩µ2 + µ

√
1− µ2(⟨K⊥K

∗
z ⟩+ ⟨KzK

∗
⊥⟩
]

+

∫ 2π

0

dϕ
∂

∂µ
G(p, µ)

[
µ(1− µ2)[⟨KzK

∗
z ⟩ − ⟨K⊥K

∗
⊥⟩] + (1− µ2)3/2 ⟨K⊥K

∗
z ⟩ − µ2

√
1− µ2 ⟨KzK

∗
⊥⟩
]

=

∫ 2π

0

dϕ
[ 1
p2

∂

∂p
p3G(p, µ)[⟨K⊥K

∗
⊥⟩ (1− µ2) + ⟨KzK

∗
z ⟩µ2] +

∂

∂µ
G(p, µ)µ(1− µ2)[⟨KzK

∗
z ⟩ − ⟨K⊥K

∗
⊥⟩]
]
,

(A.9)

because
∫ 2π

0
dϕ⟨K⊥K

∗
z ⟩ =

∫ 2π

0
dϕ⟨KzK

∗
⊥⟩ = 0. With

1

2π

∫ 2π

0

dϕ⟨K2
⊥⟩ =

q2a|ω − kvµ|2

|ω|2
Sxx + Syy

2
,

=
1

2π

∫ 2π

0

dϕ⟨KzK
∗
z ⟩ = q2a

[
Szz +

k2v2(1− µ2)

|ω|2
Sxx + Syy

2

]
, (A.10)

inserted in Eq. (A.9) and averaging the result over µ provides for the momentum diffusion coefficient in Eq. (3)

D̃2(fa) =
1

2

∫ 1

−1

dµD2(fa) =
ω2
p,ama

8πna

∫
d3k

∫
dω

∫ 1

−1

dµ
1

p2
∂

∂p
p2ℜ ı

ω − kvµ
×[

Szz(k, ω)µ
2 + S⊥(k, ω)(1− µ2)

|ω − kvµ|2 + k2v2µ2

|ω|2
]
f ′
a(p)

=
ω2
p,ama

8πna

∫
d3k

∫
dz

∫ 1

−1

dµ
1

p2
∂

∂p

p2

β
ℜ ı

z
β − µ

×

[
Szz(k, z)µ

2 + S⊥(k, z)(1− µ2)[|1− βµ

z
|2 + β2µ2

|z|2
]
]
f ′
a(p) (A.11)

where f ′
a(p) = dfa/dp. Inserting the electric field correlation functions (8) and applying the prescription (A.7) then leads to

D2(fa) =
ω2
p,ama

8πna

∫
d3k

∫
Z

dz

∫ 1

−1

dµ
1

p2
∂

∂p

p2

β
ℜ ı

z
β − µ

[
S∥(k, z)µ

2 + S⊥(k, z)(1− µ2)[|1− βµ

z
|2 + β2µ2

|z|2
]
]
f ′
a(p)

=
ω2
p,amac

2

8π2na

∑
b

ω2
p,bmb

∫
d3k

(kc)3

∫
Z

dz

|z|2

∫ 1

−1

dµ
1

p2
∂

∂p

p2

β
ℜ ı

z
β − µ

ℜı×{
µ2

|Λ∥|2

∫ ∞

0

dp p2βfb(p)I∥
(
z

β

)
+

1− µ2

|Λ⊥|2
[|1− βµ

z
|2 + β2µ2

|z|2
]

∫ ∞

0

dp p2βfb(p) I⊥
(
z

β

)}
f ′
a(p).

(A.12)

B: Complex ω-integration

Let b(r, t) represent one of the stochastic force components δK(r,p, t) and let a(r, t) represent either δN0(r,p, t) or A(r,p, t).
We introduce the Fourier-Laplace (FL) transformations of all fluctuating quantities with respect to positional coordinates and
time with complex ω = ωR + ıΓ as
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(2π)4
(
ak,ω
bk,ω

)
= ℜ

∫ ∞

−∞
d3r

∫ ∞

0

dt e−ı(k·r−ωt)

(
a(r, t)
b(r, t)

)
. (B.1)

The respective inverse FL transform then is(
a(r, t)
b(r, t)

)
= ℜ

∫
d3k

∫
L

dω eı(k·r−ωt)

(
ak,ω
bk,ω

)
. (B.2)

In order for the Laplace inversion (B.1) to exist the imaginary part of the frequency Γ = ℑ(ω) > 0 has to be positive so that
the FL transformed equations originally only hold in the positive complex frequency plane. Proper analytical continuation into
the negative complex frequency plane is required to derive results valid in the whole complex frequency plane. The index L,
standing for the Landau contour, in the frequency integral of Eq. (B.2) has to allow for the proper analytical continuation.

In quasi-stationary plasmas one is interested in times averages for times T large compared to microscopic fluctuations times of
a quantity

|f(t)|2 = lim
T→∞

∫ T/2

−T/2

dt f(t)f∗(t) = lim
T→∞

∫ ∞

−∞
dw

|f(w)|2

2πT
=

∫ ∞

−∞
dw S(w) (B.3)

according to Parseval’s theorem, where w refers to the frequency of a Fourier transform also for the time variable t, and where
the spectral function is defined as (Froula et al. [21], Supplementary Section A)

S(w) = lim
T→∞

|f(w)|2

2πT
. (B.4)

It is the Fourier transform of the autocorrelation function

C(τ) = lim
T→∞

∫ T/2

−T/2

dt f(t)f∗(t+ τ) =
1

2π

∫ ∞

−∞
dw eıwτS(w), S(w) =

∫ ∞

−∞
dτ e−ıwτC(τ). (B.5)

Next we investigate the relation of the spectral function (B.4) defined in terms of Fourier time transforms to the corresponding
quantity calculated with the Laplace time transform with ω = ωR + ıΓ. With Eq. (B.1)

⟨f(ω)f∗(ω)⟩ =
∫ ∞

0

dt e(ıωR−Γ)t

∫ ∞

0

dt′ e−(ıωR+Γ)t′⟨f(t)f∗(t′)⟩. (B.6)

With t′ = t+ τ

⟨f(ω)f∗(ω)⟩ =
∫ ∞

0

dt e−2Γt

∫ ∞

−t

dτ e−(ıωR+Γ)τ ⟨f(t)f∗(t)⟩

=

[∫ ∞

0

dt e−2Γt

∫ ∞

0

dτ e−(ıωR+Γ)τ +

∫ ∞

0

dt e−2Γt

∫ 0

−t

dτ e−(ıωR+Γ)τ

]
⟨f(t)f∗(t+ τ)⟩. (B.7)

For stationary plasmas ⟨f(t)f∗(t + τ)⟩ is not a function of t, so that partial integration of the second integral with respect to t
yields ∫ ∞

0

dt e−2Γt

∫ 0

−t

dτ e−(ıωR+Γ)τ ) =
1

2Γ

∫ ∞

0

dte(ıωR−Γ)t −
[e−2Γt

2Γ

∫ 0

−t

dτ e−(ıωR+Γ)τ
]∞
0

=
1

2Γ

∫ ∞

0

dte(ıωR−Γ)t. (B.8)

Together with
∫∞
0

dte−2Γt = 1/2Γ in the first integral one obtains for Eq. (B.7)

⟨f(ω)f∗(ω)⟩ = 1

2Γ
[

∫ ∞

0

dτ e−(ıωR+Γ)τ +

∫ ∞

0

dτe(ıωR−Γ)τ ]⟨f(t)f∗(t+ τ)⟩. (B.9)

Multiplying by 2Γ and taking the limit Γ → 0 leads to

lim
Γ→0

2Γ⟨f(ω)f∗(ω)⟩ =
∫ ∞

0

dτ [e−ıωRτ + eıωRτ ]⟨f(t)f∗(t+ τ)⟩ =
∫ ∞

−∞
dτeıωRτ ⟨f(t)f∗(t+ τ)⟩, (B.10)
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derived before [21]. The right-hand side of Eq. (B.10) corresponds exactly to the Fourier transform with w = ωR. Fourier
inversion of Eq. (B.10) then provides

⟨f(t)f∗(t+ τ)⟩ = lim
Γ→0

2Γ
1

2π

∫ ∞

−∞
dωR e−ıωRτ ⟨|f(ω)|2⟩. (B.11)

For the special case of τ = 0 this implies

⟨|f(t)|2⟩ = lim
Γ→0

2Γ
1

2π

∫ ∞

−∞
dωR ⟨|f(ω)|2⟩. (B.12)

Comparing with Eq. (B.3) then shows that the spectral function (B.4) is given in terms of the Laplace time transform by

S(ω) = S(ωR + ıΓ) = lim
Γ→0

Γ

π
⟨|f(ω)|2⟩. (B.13)

The average ⟨|f(ω)|2⟩ occurs when considering ensemble average calculated with the FL-transforms (B.1)

⟨a(r, t)b∗(r, t)⟩ =
∫

d3k

∫
d3k′

〈
ak,ωb

∗
k′,ω

〉
eı(k−k

′
)·r−ı(ω+ω∗)t =

∫
d3k

〈
ak,ωb

∗
k,ω

〉
e−ı(ω+ω∗)t, (B.14)

where we used that fluctuations at different values of the wavenumber vector are uncorrelated ⟨ak,ωb∗k′,ω′⟩ = δ(k −
k

′
)⟨ak,ωb∗k′,ω′⟩, Consequently, we identify

⟨|f(ω)|2⟩ =
∫

d3k
〈
ak,ωb

∗
k,ω

〉
, (B.15)

so that the spectral function (B.11) is related to the FL-transformed ensemble average as∫
d3k

∫
dωS(k, ω) =

∫
d3k lim

Γ→0

Γ

π

∫
dωR

〈
ak,ωb

∗
k,ω

〉
. (B.16)

Applied to Eqs. (11) we have to evaluate the ω-integration as∫
dωV (ω) = lim

Γ→0

Γ

π

∫ ∞

−∞
dωR V (ωR + ıΓ), (B.17)

or in terms of the phase speed z = ω/kc = R+ ıI∫
dzV (z) = lim

I→0

I

π

∫ ∞

−∞
dRV (R+ ıI). (B.18)

C: Evaluation of frequency integrals

Here we evaluate the double integrals

u1 =

∫
Z

dzℜ 1

z∗
I0(z/β) =

∫
Z

dzℜ 1

z∗

∫ 1

−1

dµ
z
β − µ

, (C.1)

and

u2 =

∫
Z

dz
1

|z|2
[ℜıI0(z/βx)]

[∫ ∞

0

dy y2βyfa(y)ℜıI0(z/βy)
]
, (C.2)

where βx = β(x) and βy = β(y). With

ℜI0(z/β)
z∗

=
1

R2 + I2
[
R artanh

2βR

R2 + I2 + β2
+ Iarctan

2βI

R2 + I2 − β2

]
(C.3)
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we obtain for the first integral (11) with the prescription (A.7)

u1 =

∫
Z

dzV1(z) = lim
I→0

I

π
J1(I),

J1(I) =

∫ ∞

−∞

dR

R2 + I2
[
R artanh

2βR

R2 + I2 + β2
+ Iarctan

2βI

R2 + I2 − β2

]
. (C.4)

For small velocities β ≪ 1 we approximate

artanh
2βIx

I2(1 + x2) + β2
≃ 2βx

I(1 + x2)
, arctan

2βI

I2(1 + x2) + β2
≃ 2β

I(1 + x2)
, (C.5)

so that

J1(I) ≃ 2β

∫ ∞

−∞

dR

R2 + I2
=

2πβ

I
, (C.6)

where we used Eq. (A.1.15) of [21]: ∫ ∞

−∞
dx

g(x)

(x− a)2 + b2
=

π

b
g(a). (C.7)

Hence one finds for the limit (C.4)

u1 = lim
I→0

(
I

π
J1

)
= 2β. (C.8)

Likewise, with β(x) = βx and β(y) = βy we infer the integrand of Eq. (C.2)

V2(z, x) =
1

|z|2
[ℜıI0(z/β)]

[∫ ∞

0

dxx2βfa(x)ℜıI0(z/β)
]
=

1

|z|2
[ℜıI0(z/βx)]

[∫ ∞

0

dy y2βyfa(y)ℜıI0(z/βy)
]

=

∫ ∞

0

dy y2βyfa(y)
1

|z2|
[ℜıI0(z/βx)]ℜıI0(z/βy) =

∫ ∞

0

dy y2βyfa(y)v2(z, x, y), (C.9)

where

v2(z, x, y) =
1

|z2|
[ℜıI0(z/βx)]ℜıI0(z/βy). (C.10)

According to the prescription (A.7) we first evaluate∫ ∞

−∞
dR v2(R+ ıI, x, y) =

∫ ∞

−∞

dR

R2 + I2
arctan

(
2βxI

R2 + I2 − β2
x

)
arctan

(
2βyI

R2 + I2 − β2
y

)
. (C.11)

With the approximation (C.5) and Eq. (C.6) this leads to∫ ∞

−∞
dR v2(R+ ıI, x, y) ≃ 4βxβyI

2

∫ ∞

−∞

dR

(R2 + I2)2
= −2βxβyI

∂

∂I

∫ ∞

−∞

dR

R2 + I2

= −2βxβyI
d

dI

π

I
=

2πβxβy

I
, (C.12)

so that

lim
I→0

I

π

∫ ∞

−∞
dR v2(R+ ıI, x, y) = 2βxβy. (C.13)

Consequently, the integral (C.2) becomes

u2 =

∫
dz V2(z, x) = 2βx

∫ ∞

0

dy y2β2
yfa(y). (C.14)
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D: Dense stellar plasmas

With the standard choice of kmax = (Ωre)
−1 (Yoon [19], p. 114ff.), involving the atomic classical electron radius re =

e2/mec
2 = 2.82 × 10−13, together with kmin = λ−1

D with the Debye length λD = 6.9(Te/ne)
1/2 provides for Eq. (17) at

nonrelativistic temperatures α ≃ 1 = 6.1× 1017/[Ω
√
ne ln(3/g)], so that

Te = 9.7× 10−9n1/2
e

√
8.3− 0.5 lnne + 1.5 lnTe ≃ 2.8× 10−8n1/2

e . (D.1)

This temperature is orders of magnitude too small for dilute space plasmas, but may be interesting for the interior of solar-type
stars where according to the standard solar model [25] the central density is ne ≃ 1026 so that Te ≃ 2.8 × 105. This stellar
estimate also shown in Fig. 2. However, this result is preliminary as the resulting stellar temperature-density relation, calculated
with classical kinetic theory, no longer lies in the classical kinetic regime as also clearly visible in Fig. 2.

E: Comment on kmax

Equation (17) may also be regarded as a determining Eq. for kmax if the plasma Maxwellization is provided by a different
mechanism. This is certainly the case for the early universe after the myon annihilation epoch but before the electron–positron
annihilation epoch, i.e., at temperatures 1 MeV < kBTe < 210 MeV, corresponding to Ωe ∈ [0.002, 0.5]. At this epoch at
cosmological redshifts zc ≃ 1010, the frequent annihilation and pair production processes of electron-positron pairs in thermal
equilibrium with photons with the blackbody Planckian distribution function were responsible for the Maxwellization of the
pairs. Using pair densities [26] of ne ≃ 1033Ω3

e, Ωe = 0.5, implying α = 0.17 then yields from Eq. (17) with the relativistic
pair plasma frequency ω2

p = 2ω2
p,eΩe

kmax(zc) =
ωp,e

c

√
6πΩeα(Ωe) ln(kmax/kmin) ≃ 7.5 · 1010 (E.1)

for the maximum wavenumber of noncollective fluctuations at this epoch, where we adopted ln(kmax/kmin) = 8 for this
estimate. The subsequent Hubble expansion then would generate for the present-day maximum wavenumber in dilute plasmas

kmax =
kmax(zc)

1 + zc
= 7.5 (E.2)

which is of the same order of magnitude with the choosen value λ−1
D agreeing with it for Te = 3.6 · 10−4ne. Hence the early

universe history of all dilute space plasmas may motivate the chosen small present-day maximum wavenumber.


